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QL-configurations $[$3$]$ H. Tokllnaga
4 $Q$ $L_{\infty}$
:
$\bullet$ $Q\cap L_{\infty}$ 2
(i) $Q$ $L_{\infty}$ 2
(ii) $Q$ 1 $L_{\infty}$
(iii) $Q$ 2
(i) (ii)
$\bullet$ $Q\cap L_{\infty}$ 1




1 $[$3$]$ $Q+L_{\infty}$ $Q$
1
$a_{n},$ $e_{6}$ :
$a_{n}$ : $x^{2}+y^{n+1}=0(n\geq 1)$ , $e_{6}$ : $x^{3}+y^{4}=0$ .
$*^{\infty}$ $L_{\infty}$ $Q$
QL-configurations M. Oka([1])
line degenemted torus curve
2 Line degenerated torus curves
$C_{p,q}=\{F_{p,q}=0\}$ $(p, q)$ $F_{p,q}$
:
$F_{p,q}(X, Y, Z)=F_{p}(X, Y, Z)^{q}+F_{q}(X,Y, Z)^{p}$
(1)
$=Z^{j}G(X, Y, Z)$ , $j\geq 1$
$F_{p},$ $F_{q},$ $G$ $p,$ $q,$ $pq-j$ $G$
$D$ a line degenemted torus curve of type $(p, q)$
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of order $i$ $L_{\infty}=\{Z=0\}$ the limit line of the degenemtion
line degenerated torus curves
First case. $F_{p}$ $F_{q}$
:
$F_{p}(X, Y, Z)=F_{p-r}’(X, Y, Z)Z^{r}$ , $F_{q}(X, Y, Z)=F_{q-s}’(X, Y, Z)Z^{s}$
$r,$ $s$ $r<p,$ $s<q$ $sp\geq 7^{\cdot}q$
$F_{p,q}$ $F_{p,q}(X, Y, Z)=Z^{rq}G(X, Y, Z)$ $G$
$G(X, Y, Z)=F_{p-r}’(X, Y, Z)^{q}+F_{q-s}’(X, Y, Z)^{p}Z^{sp-rq}$ . (2)
$D$
visible degeneration
Second case. $F_{p},$ $F_{q}$ $Z$
$D$
$D$ invisible degeneration
3 Statement of the Theorem.
Theorem 1. $\mathcal{Q}\mathcal{L}(n)$ QL-configumtions 4
$(n)$ $(n=1, \ldots, 13)$ . (2, 3) $-$
(1) $Q\in \mathcal{Q}\mathcal{L}(n)(7\}, \neq 5,13)$ (2, 3) $-$
(2) $Q\in \mathcal{Q}\mathcal{L}(5)$ (2, 3) $-$
visible 3 invisible
(3) $Q\in \mathcal{Q}\mathcal{L}(13)$ (2, 3)




4 4 line degenerated (2, 3)
4.1 Visible degeneration
$D=\{G=0\}$ 4 visible degeneration
:
$D$ : $G(X, Y, Z)=F_{2}’(X, Y, Z)^{2}+F_{1}’(X, Y, Z)^{3}Z=0$ .
$D$ $C_{2}:=\{F_{2}’=0\},$ $L:=$
$\{F_{1}’=0\},$ $L_{\infty}:=\{Z=0\}$ $P$ $D$ $P$
$P$ :
$C_{2}\cap L,$ $C_{2}\cap L_{\infty}$ , $C_{2}\cap L\cap L_{\infty}$ .
$P$ $P$ $D$




(1) $P\in C_{2}\cap L\backslash L_{\infty}$ $(D, P)\sim a_{3\iota-1}1$
(2) $P\in C_{2}\cap L_{\infty}\backslash L$ $D$ $P$ $L_{\infty}$
$I(D, L_{\infty};P)=2\iota_{2}$
(3) $P\in C_{2}\cap L\cap L_{\infty}$ $(D, P)\sim a_{3\iota 1+\iota-1}2$
(II) $C_{2}$ $P$ $($ $, C_{2}=L_{1}\cap L_{2}$ $P\in L_{1}\cap L_{2})$ .
(1) $P\in C_{2}\cap L\backslash L_{\infty}$ $(D, P)\sim e_{6}$
(2) $P\in C_{2}\cap L_{\infty}\backslash L$ $D$ $P$ $L_{\infty}$
$I(D, L_{\infty};P)=4$
(3) $P\in C_{2}\cap L\cap L_{\infty}$ $D$ $P$
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$D$ $P$ $C_{2}$ $P$
LemMa 2. $P\in D$ $a_{1}$ $a_{2}$
$D$ 1 (13)
(1) $C_{2}$ $L$





$D=\{G=0\}$ (2, 3)-invisible degeneration :
$F_{2,3}(X, Y, Z)=F_{2}(X, Y, Z)^{3}-F_{3}(X, Y, Z)^{2}=Z^{2}G(X, Y, Z)$ (2)
$D$ $Z \int G$
:
$(\#)$ $\{\begin{array}{l}F_{2}(X, Y, Z)=\ell_{1}(X, Y)^{2}+l_{2}(X, Y)Z+a_{00}Z^{2},F_{3}(X, Y, Z)=\ell_{1}(X, Y)^{3}+\frac{3}{2}l_{1}(X, Y)l_{2}(X, Y)Z+l_{3}(X, Y)Z^{2}+b_{00}Z^{3}.\end{array}$
$\ell_{i}$ linear form $(i=1,2,3)$ . $F_{2,3}(X, Y, Z)$
$F_{2,3}(X, Y, Z)=Z^{2}G(X, Y, Z)$
$D$ $\{3a_{2}\}$
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5 Proof of (2) of Theorem 1.
$Q=\{F=0\}$ Sing $(Q)=\{3a_{2}\}$ 4
$Q$ bi-tangent line
bi-tangent line $L_{\infty}$ $Q$ $\Sigma(Q)=$
$\{P_{1}, P_{2}, P_{3}\}$ $L_{\infty}$ $\{R_{1}, R_{2}\}$ PSL $($3, $\mathbb{C})$ $\mathbb{P}^{2}$





$\sigma,$ $\tau$ : $\mathbb{P}^{2}arrow \mathbb{P}^{2}$ :
$\sigma(X:Y:Z);=(X:-Y:Z)$ , $\tau(X:Y:Z);=(X:Y:Z)A$ ,
$A=(\sin\theta 0$ $-\sin\theta\cos\theta 0$ $010)$ , $\theta=-\frac{2}{3}\pi$ .
$G$ $\sigma$ $\tau$ PSL $($3; $\mathbb{C})$ $G$ $S_{3}$
$\sigma^{2}=\tau^{3}=(\sigma\tau)^{2}=e$ $L_{\infty}$ $Q=\{F=0\}$
$G$ :
$F(X, Y, Z)=F(\sigma(X, Y, Z))=F(\tau(X, Y, Z))$ .
:
$\sigma(R_{1})=R_{2},$ $\sigma(R_{2})=R_{1},$ $\sigma(P_{1})=P_{1},$ $\sigma(P_{2})=P_{3},$ $\sigma(P_{3})=P_{2}$ .
$\tau(R_{\eta}\cdot)=$ $i=1,2$ , $\tau(P_{i})=\{\begin{array}{ll}P_{i+1} if i=1,2P_{1} if i=3.\end{array}$




Visible degeneration. $Q=\{F=0\}$ visible degeneration
$F$ :
$F(X, Y, Z)=F_{2}’(X, Y, Z)^{2}+F_{1}’(X, Y, Z)^{3}Z$ .
Lemma 1 $P_{1},$ $P_{2},$ $P_{3}$
:
(1) $P_{1}$ $P_{2},$ $P_{3}$
(2) $P_{1},$ $P_{3}$





$C_{2}\cap L=\{P_{2}, P_{3}\}$ $C_{2}\cap L_{\infty}=\{R_{1}, R_{2}\}$
$\Sigma(Q)$ $\tau$








$\bullet$ $C_{2}$ $P_{2},$ $P_{3},$ $R_{1}$ $R_{2}$ 2
63
$F_{1}’,$ $F_{2}’$
$F_{1}’(X, Y, Z)=- \frac{1}{3}t^{2}(Z+2X)$ , $F_{2}’(X, Y, Z)= \frac{t^{3}}{6}(Z^{2}+4XZ+Y^{2}+X^{2})$ .
$t$ $t^{6}+108=0$ $F$
$F(X,$ $Y,$ $Z\rangle=-3(Z^{2}+4XZ+Y^{2}+X^{2})^{2}+4(Z+2X)^{3}Z$. (V-1)
$C_{2},$ $L,$ $P_{1}$ $\{P_{2}, P_{3}\}$ $\sigma$
Invisible degeneration. invisible factorization
\S 4.2 invisible $\{3a_{2}\}$
invisible $F$
$Z^{2}F(X, Y, Z)=F_{2}(X, Y, Z)^{3}-F_{3}(X, Y, Z)^{2}$
$F_{2}$ $F_{3}$
$(X, Y, Z)=P_{1}(X, Y)^{2}+l_{2}(X, Y)Z+a_{00}Z^{2}$ ,
$(\#)$
$F_{3}(X, Y, Z)=l_{1}(X, Y)^{3}+ \frac{3}{2}l_{1}(X, Y)l_{2}(X, Y)Z+P_{3}(X, Y)Z^{2}+b_{00}Z^{3}$
$P_{1}$ ,
$(*1)$ $F_{2}(P_{i})=F_{3}(P_{i})=0$ , $i=1,2,3$ .
$F_{2}(X, Y, Z)=t^{2}(X-IY)^{2}-t^{2}(X+IY)Z$ ,
$F_{3}(X, Y, Z)= \frac{t^{3}}{2}(Z^{3}-3(X^{2}+Y^{2})Z+2(X-IY)^{3})$
$C_{2}=\{F_{2}=0\}$ $C_{3}=\{F_{3}=0\}$ $\sigma$
$\frac{f_{\ovalbox{\tt\small REJECT}}^{6}}{4}Z^{2}F(X, Y, Z)=F_{2}(X, Y, Z)^{3}-F_{3}(X, Y, Z)^{2}$ .
$t$ $t^{6}=4$ invisible












1: Invisible factorization (In-l) of the quartic (5)
$Q$
$s_{1}s_{3}$ , $s_{5}$
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